INTRODUCTION
A relativistic electron heam moving in a circular orbit in free space can radiate coherently if the wavelength of the synchrotron radiation exceeds the length of the hunch. In accelerators coherent radiation of the bunch is usually suppressed by the screening effect of the conducting walls of the vacuum chamber [ I , 2, 31. The screening effect is much less effective for short wavelengths, but if the wavelength is shorter than the length of the bunch (assuming a smooth heam profile), the coherent ramation becomes exponentially small. However, an initial density fluctuation with a characteristic length much shorter than the screening threshold would radiate coherently. If the radiation reaction force is directed so that it dnves the growth of the initial fluctuation, one can expect an instability that leads to micro-bunching of the heam and an increased coherent radiation at short wavelengths.
In Ref. [6] . the growth rate of the beam instability driven by the coherent synchrotron radiation (CSR) was found using the so called "CSR impedance" [4, 51 that neglects the shielding effect of the walls and assumes a continuous spectrum of radiation.' In many cases, the instability is limited to relatively long wavelengths, and it may be affected by the wall shielding effect [I] . Close to the shielding threshold, one has to take into account that the specbum of the synchronous modes of radiation is discrete, and the instability may be driven by a single synchronous mode rather than a continuous specburn
In this paper we study a linear regime of single-mode CSR instability. As in Ref. (61, we assume that the hunch is much longer than the wavelength of the modulation and consider a coasting beam model. The nonlinear regime of the instability is described in accompanying paper (71.
SYNCHRONOUS MODES IN TOROIDAL BEAM PIPE CLOSE TO SHIELDING THRESHOLD
A relativistic beam moving in a toroidal beam pipe interacts with synchronous modes that have phase velocity equal to the speed of light. For a perfectly conducting walls of the toroid. those modes have discrete frequencies. Such inodes have been extensively studied in the past [&SI. Ue- cently, a new approach to the problem [9] extended the previous analysis and allowed to treat arbitrary cross sections of the toroid.
[9], we assume that the characteristic size of the pipe cross section a is much smaller than Following Ref. 
INTERACTION OF THE BEAM WITH A SINGLE SYNCHRONOUS MODE IN LINEAR APPROXIMATION
The interaction of the beam with electromagnetic waves is usually described in terms of the beam impedance (see, e.g., [lo] ). For discrete synchronous modes, the beam impedance has singularities centered at the mode freqnencies. In this case, a direct application of the standard approach may give an incorrect result. In Ref. [I 11 , a derivation of equations for beam-wave interaction is given based on the Maxwell-Vlasov system of equations without using the concept of the impedance. In this section, we obtain the equations of Ref.
[ I l l using a simple heuristic argument that "fixes" the conventional approach by taking into account the effect of retardation.
We use a one dimensional model for the beam, neglecting effect of the finite transverse emittance and considering (z,6, t ) , where z is the longitudinal coordinate measured from a reference narticle moving with where E(w, q ) = s dtdz e'("'-'*)&(z, 1) . The quantity Efw. 0 ) can be found bv Fourier transformine Ea. (4) and -the speed of light, and 6 is the energy offset relative to the nominal energy Eo, 6 = (E -En)/Eo. We also assume that the modulation wavelength is small compared to the bunch length and consider a coasting beam with the linear density nb equal to the local linear density of the bunch.
In the linear approximation, the perturbation due to the electromagnetic field can be considered as small: f = fo(6) + f i ( z , 6 , t ) The usual formula for the electric field in terms of the wake function is [IO] :
However, it misses an important effect of the wake retardation that we need to take into consideration here. Indeed, the wave radiated at position s' at time 1' and propagating in the fonvard direction to s, such that s > sf, will take time t -1' = (s -s')/ug to anive at the destination, where vg is the group velocity of the wave. Since s' = z'fct' and s = z t ct we find from the above relation the retardation time between the emission and arrival in t e r n of coordi-
To include the effect of the retardation in Eq. (3). we need to take the distribution function in Eq. (3) at the time of emission of the wave:
&(r,l) = -e ~m d z ' / d 6 m (~' -z )
This equation replaces Eq. (3) in our derivation. Contrary to the usual case of the geometric impedance, where the group velocity is small, effect of retardation here is important because U, is close to the speed of light.
Note, that for the free space CSR, the retardation time is equal to [24R2(z' -z)]'/~ defined by the difference of the path length along the circle for the beam and the straight line for the radiation. A more detailed study of the retardation effect for the CSR wake in vacuum can be found in
Ref. [IZ].
For what follows, it is convenient to introduce the Fourier transform g1 of the perturbation of the distribution function gl(w,q,6) = S d t d~e ' ( "~-q l ) f~ ( z , 6 , t Note that the frequency of the mode R observed in the laboratory frame. where it has a dependence ei(qa-*tl, is equal to C l = w + qc.
DISPERSION RELATION FOR A SINGLE MODE
In the single-mode approximation, we leave only one term in the dispersion equation Eq. (6) corresponding to the lowest synchronous mode with frequency wn and qn = w,/c. Let us assume that the distribution function fo (6) is Gaussian with the rms energy spread So, f o = (nb/do)po(b/do) with PO(() = e d 2 I 2 / d % . Eq. (6) takes the form where we replaced q under the integral by qn and used qn = w./c Depending on the ratio w/rp,,60, there are two possible regimes for the instability: a large energy spread regime, when IwI << Iqw,60/, and a "cold beam" approximation when the opposite inequality holds. We consider here the latter case only, as a more relevant to the parameters of the existing accelerators (see below). In this case, we can evaluate the integrand in Eq. (7) asymptotically in the limit I~/ q w~6~1 >> 1, which results in the cubic disper- can be easily solved numerically-it has three roots one of which corresponds to the instability. The maximum growth rate is achieved at zero detuning, Aqn = 0 and is equal to Im w = &&L. Table 1 gives parameters and compares the growth rate for four accelerators: the Low Energy Ring (LER) and the High Energy Ring (HER) of PEP-II accelerator at SLAC, Advanced Light Source at the Berkeley National Laboratory, and the VUV ring at the National Synchrotron Light Source at BNL. For the ALS, we used beam parameters for the regime in which bursts of infrared rabation were observed [l3]. Calculations were made for the lowest syuchronous mode (which frequency is denoted by w1) assuming a square cross section of the vacuum chamber with the size a equal to the vertical full gap of the beam pipe. Since the real shape of the cross section usually differs from the square, the results in the table should be considered as a rough estimate of the instability parameters. For the linear density of the beam nb, we used the quantity N,,/d%&,. which gives the maximum linear density in a gaussian bunch ( N p is the number of particles in the bunch, uz is the rms bunch length). Note that the ratio fi/wwi& in the last line of the table related the cold beam approximation-it is large in all cases except for the HER PEP-I1 where it is close to one.
DISCUSSION
The model developed in this paper considers a ring as a perfect toroid with a constant bending radius. We derived equations for the bean-mode interaction, found the growth rate for the instability, and estimated it for several machines. We have shown that in this case, due to the persistent interaction with a resonant mode, the beam becomes unstable even at low currents.
In real lattice, bending magnets are usually separated by straight sections. which also have a different cross section of the vacuum chamber. The beam-mode interaction ceases in the straight sections and the amplitude and phase of the mode will most likely change after the passage through the straights. The beam density modulation induced in one bend, after passage through a straight section. will serve as a seed for the instability in the next one. We expect that in a real lattice the instability would develop with a growth rate smaller than in an ideal toroid. A study of this case will be published in a separate paper.
